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ABSTRACT
We introduce the notions of mu* g-closed sets by using the notion of p-pre-1-open sets. Further, we study the
concept of wp* g-closed sets and their relationships in an ideal generalized topological spaces by using these new
notions.
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I.  INTRODUCTION

A subfamily p of the power set P(X) of a nonempty set X is called generalized topology [1] on X if and only if ® €
pand U; € pfor i€l implies Uie; Ui € . We call the pair (X, 1) a generalized topological spaces (briely GTS)
on X. The members of W are called p-open sets [1] and the complement of a p-open is called a p-closed set. For A
C X, we denote by UCI(A) the intersection of all p-closed sets containing A; and by pInt(A) the union of all p-open
sets contained in A. The concept of ideals in topological spaces has been introduced and studied by kuratowski [4]
and Vaidyanathansamy [6]. An ideal | is a nonempty collection of subsets of X which satisfies (i) A € land B C
AimpliesB € land (ii) A € land B € | implies A U B € | [3]. With respect to the generalized topology p of all
p-open sets and an ideal I, for each subset A of X, a subset A*(l) or simply A™ of X is denoted by A™={x € X:

UNA € ¢ | forevery U € psuchthatx € U} [3].

Lemma 1.1 [5] Let (X, W) be a generalized topological space with an ideal |1 on X and A a subset of X. Then we
have the following:

() A™ (i, {@}) = pCI(A).

() A™ (i, P (X)) = ©.

c. IfA €1, then A*"=0.

d. Neither A C A*nor A" C A,

Lemma 1.2 [5] Let (X, W) be a generalized topological space with an ideal | on X and A, B a subsets of X. Then we
have the following:

a. IfA C B, then A" C B™

h. A™=uCI(A™) C uCIl(A) and A™ is p-closed set in (X, W)

() (A™) ™ c AW
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(d) (A U B)" =A™ U B*

(€) A - B = (A-B)™-B* C (A-B)™

(fyifc el then(A-C)"™ C A"=(A U C)y™.

Lemma 1.3 [5] Let (X, p) be a generalized topological space with ideals I, and I, on X and A subset of X. Then we
have the following:

(a) If I, C Iy, then A (|2) C A (|1)
(b) A™ (1. N T2) = A% (1) U A™ (I).

Lemma 1.4 [5]The set operator UCl* satisfies the following:
(@) A C uCI* (A).

(b) pCI* (8) = @ and pClI* (X) = X.

(c) If A C B, then uCI* (A) C uCI* (B).

(d) pCI*(A) U pClI* (B) C uCl* (A U B).

Definition 1.5 Let (X, W) be a generalized topological space with an ideal | on X. A subset
A of X is called

a. M-a-l-open if A C pInt(UCI*(UInt(A))).

b. p-semi-l-open if A C pCI*(uInt(A)).

c. p-pre-l-open if A C pInt(C*(A)).

d. p-l-regular-open if A = pint(uUCI*(A)).
l.zu*g-closed sets

Definition 2.1 Let (X, ) be a generalized topological space with an ideal I on X. A subset H of X is said to be mp*
g-closed if uCl * (uint(H)) € U, whenever H C U and U is p-pre- | open.

Example 2.1 Let X ={a, b, c}, u = {2, {a, b}, {a, c}, X} and | = {2, {a}, {b}, {a, b}}. Then H = {a, ¢} is nu* g-
closed.

Definition 2.2 Let (X, p) be a generalized topological space with an ideal I on X. A subset H of X is said to be mp*
g-open if the complement of H is pu* g-closed in X.
Example 2.2 In Example 2.1, H = {b} is mu* g-open.

Proposition 2.1 Let (X, ) be a generalized topological space with an ideal | on X. For any H € I,
H is mpx g-closed.

proof: Let H c U, where U is p-pre-1 open. Since H * = @ for every H € I, then uCl * (H) = H. Now piInt(H) c
H implies that pCl * (pInt(H)) < puCl * (H) = H < U. Hence for every H € I, H is u* g-closed.

Proposition 2.2 Let (X, W) be a generalized topological space with an ideal | on X and H < X. If H is p-pre-I open
and mpx g-closed, then H is p-semi-I-closed.

Proof: Let H be p-pre-1 open and mu* g-closed. Let H < H where H is p-pre-I open. Since H is mu* g-
closed, UCl * (uInt(H)) < H. Hence H is p-semi-1-closed.

Proposition 2.3 Let (X, W) be a generalized topological space with an ideal | on X. Every p*-closed is mu* g-closed.

Proof: Suppose that H is p*-closed in X. Let H < U where U is p-pre-1 open. Since H is p*-closed, uCl * (H) =H c
U and pClI * pint(H) < pCl * (H), we get uCl * (uInt(H)) c U, thus H is mp* g-closed.
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Proposition 2.4 Let (X, ) be a generalized topological space with an ideal | on X and H and F be subsets of X. If
HandF are np* g-closed sets, then H N F is wp* g-closed.

Proof: Let H N F < U where U is p-pre-l open. Since H and F be nux g-closed sets in X, we have
MCI+(uInt(H))cU and pCl+(uint(F))cU. Hence pCl+(uint(HNF))cuCl+(uint(H)) N pCl+(uInt(F ))c U this implies
HNF ismp* g-closed set.

Remark 2.1 The following example shows that the union of two wu* g-closed sets need not be mux* g-closed.

Example 2.3 Let X ={a, b, ¢, d}, = {0, {a, c}, {a, d}, {a, ¢, d}} and | = {@, {c}, {d}, {c, d}}.
Then H= {a} and F = {c} are nu* g-closed sets. But H U F = {a, ¢} is not wu* g-closed.

Proposition 2.5 Let (X, W) be a generalized topological space with an ideal 1 on X and H < X. If H is wu* g-closed,
then pUCl+(uInt(H))— H contains no nonempty u-pre-I closed set.

Proof: Suppose that F is a nonempty p-pre-1 closed set of uCl+(uint(H))-H. Now Fc uCl(uInt(H)) — H implies
that F c pCl+(uInt(H)) N HS. Hence F c pCl#(pint(H)). Now F < H°¢implies that H < F . Since F¢is p-pre-I
open and H is mux g-closed, we have PCl+(uInt(H)) < F ¢ and F < (UCI*(uInt(H)))¢. Therefore F c
(UCI*(uInt(H))) N (uCl*(uInt(H))¢ = @. That is, F = @. Thus puCl*(uInt(H)) — H contains no non-empty p-pre-I
closed.

Corollary 2.1 Let (X, W) be a generalized topological space with an ideal I on X and H be mu* g-closed subset of
X.Then H is regular open if and only if pCl+(ulnt(H)) — H is p-pre-I closed.

Proof: Let H be npx g-closed. If H is regular open, then we have uCl(uInt(H)) — H = @ which is p-pre-1 closed
set. Conversely, let uCl+(uInt(H)) — H be p-pre-I closed. Then, by Theorem 2.5, uCl*(uInt(H)) — H does not contain
any nonempty p-pre-l closed subset of X and since pCl+(uInt(H)) — H is p-pre-l closed subset of itself, then
HCI*(uInt(H)) — H= @. This implies that H = pCl+(uInt(H)) and so H is p-1-regular open.

Proposition 2.6 Let (X, W) be a generalized topological space with an ideal | on X. Sup- pose that K cH c U, K
is mux g-closed relative to H and H is both regular open and mp* g-closed subset of U, then K is pu* g-closed
relative to U.

Proof: Let K < U and U be p-pre-1 open in U. Given KcHcU. This implies that K cHNU. Since K is mus* g-
closed relative to H, pCl*uInt(K)) ¢ H N tt. Therefore, H N(puCl*(uInt(K))) € H NU. Consequently,
HN(pCl#pInt(H)) < U. Since H is regular open and =npx g-closed, we have H = pCl*(H). Therefore
HCI+(uInt(K)) c pCl¥(K) < pCl+(H) = H. Thus pCl+(uInt(K)) N H = pCl+(uint(K)) and pCl+(uint(K)) < U.
Hence K is mp* g-closed relative to U .

Corollary 2.2 Let (X, W) be a generalized topological space with an ideal | on X. Let H be both regular open and
npx g-closed in U and suppose that F is p-pre-I closed, then H N F is wp* g-closed.

Proof: We have show that uCl*(uInt(H N F )) € U whenever HN F < U and tt is p-pre-1 open. Since F is p-pre-
I closed, HN F is p-pre-I closed in H and hence np* g-closed in H. Hence HN F is wu* g-closed in U.

Proposition 2.7 Let (X, ) be a generalized topological space with an ideal  on X. and H < T < S. Suppose that
H is np* g-closed in S and T is p-open, then H is mu* g-closed relative to T.

Proof: Given H ¢ T < S and H is mu* g-closed. Let H ¢ T N U where Uis p-pre- | open. Since H is

nux g-closed, H < U implies that pCl+(uint(H)) < U. Therefore, T N uCl*(uInt(H)) € T N U. Thus H is wp*
g-closed relative to T.
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Proposition 2.8 Let (X, ) be a generalized topological space with an ideal | on X and H € X. Then H is m, * g-
open if and only if F < pint(uCl * (H)) whenever F is p-pre-I-closed and F c H.

Proof: Assume that H is m, * g-open, then H°is m, * g-closed. Let F be a p-pre-I-closed in H contained in
H. Then F° is a p-pre-1-open set in X containing H°. Since Hc is @, * g-closed, pCl * (uInt(H)) < F°. Consequently
F c pint(uClI * (H)).

Conversely, let c pint(uCl * (H)) whenever F c Hand F is p-pre-1-closed in X. Let H be p-pre-1-open containing
H¢ then G° c pint(uCl * (H)). Thus puCI * Int(H°) < G. This implies that H is m, * g-open.

Remark 2.2 The notions of m, * g-closed and p-semi-I-closed are independent of each other as shown in the
following example.

Example 2.4 Let X={a, b, c}, u={0, {a}, {a, c}, {b, ¢}, X} and | = {@, {a}}. Then A = { ¢} is mu* g-closed but
not p-semi-1-closed.

Example 2.5 Let X ={a, b, c}, u= {0, {b}, {a, c}, {b, c}, X} and | = {@, {a}, {c}, {a, c}}. Then A ={a, b}is p-
semi-I-closed but not wu* g-closed.

Remark 2.3 The notions of mux g-closed and p-p-1-closed are independent of each other as shown in the
following example.

Example 2.6 Let X ={a, b, ¢}, u={0, {a}, {a, c}, {b, c}, X} and | = {@, {b},{c},{a, c}}. Then A = {a, ¢} is Tux*
g-closed but not p-p-I-closed

Example 2.6 Let X ={a, b, ¢,d}, p = {9, {a}, {b, c}.{c.d}, {a b, c}, {a,c,d}, {b,c,d}, X}and | = {0, {c}.{d}{c,
d}}. Then A = {a, b,d} is p-p-I-closed but not wpu* g-closed.

Proposition 2.9 Let (X, W) be a generalized topological space with an ideal | on X and H c X. If H is wu* g-closed
and H c K c puCl*(uInt(H)), then K is also mp* g-closed.

Proof: Let K c tt where U is p-pre-1 open. Now H < K impliesthat H < U and ttis p-pre-1 open. Since H is
npx g-closed, then pCIl+(uint(H)) < U. Using hypothesis, pCl+(uInt(K)) < U. Thus K is wu* g-closed.

Proposition 2.10 Let (X, ) be a generalized topological space with an ideal | on X and A, B be subsets of X. If
pInt(uCI+(A)) € B c A and A is mu* g-open, then B is mu* g-open.

Proof: Let pInt(uCI*(A)) € B c A. Then X — A € X — B ¢ X — pInt(uCI*(A)) = uCl*(uInt(X — A)). Since X — A
is mux g-closed, Proposition 2.9, X — B is mpu* g-closed. Hence B is mu* g-open.

Proposition 2.11 Let (X, u) be a strong generalized topological space with an ideal | on For each a € X, either {a}
is p-pre-1 closed or {a}c is mpx g-closed.

Proof: Suppose {a} is not p-pre-1 closed in X. Then {a}c is not p-pre-l1 open and the only p-pre-l open set
containing {a}c is X c X. That is, {a}c c X. Therefore, uCl+(uInt({a})) = X, Which implies {a}c is ru* g-closed.

Proposition 2.12 Let (X, ) be a generalized topological space with an ideal | on X and A < X. Then A is wu* g-
open if and only if F < p Int (UCI * (A)) whenever F is p-pre-I closed and F c A,

Proof: Suppose that A is mux g-open. Let F < Aand F is p-pre-l-closed. Then X — A € X —F and X — F is p-
pre-1 open. Since X — A is mpx* g-closed, then PCl+(uInt(X — A)) € X — F and X — uCl*(uInt(A)) = pCl+(uInt(X —
A)) € X —F and hence F c pint (UCI * (A)). Conversely, let X — A c U where U is p-pre-I open. Then X — U is p-
pre-1 closed. By hypothesis, we have X —U < p Int(uCl * (A)) and hence (X — A)* < PCI* (uInt(X — A)) =X -
pInt(UCl * (A)) c U. Therefore X — A is mu* g-closed and A is wu* g-open.
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Proposition 2.13 Let (X, ) be a generalized topological space with an ideal | on X and

A c X. Then A is mwu* g-open ip(UCl * (A)) € B c A, then B is mp* g-open.

Proof: Since A is mu* g-open, then X —A is nu* g-closed. By Proposition 2.4, uCl*(uInt(X — A)) € X — A contains
no nonempty p-pre-1 closed set. Since pInt(UCl * (A)) < pint(uCl * (B)), we have X— pInt(uCl *(X —A)) c X
— pInt(puCl * (X — B)), which implies that pint( pCl * (X — B)) < p Int(uCl * (X — A) and so pInt(pCl * (X —
B)) — (X —B) c pInt(uCl * (X — A)) — (X — A). Hence B is mp* g-open.
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